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In various ﬁelds of engineering, it is important to clarify the frictional sliding behavior over a wide scale.
In this study, we formulate an anisotropic friction model with the orthotropy and rotation of a sliding
surface based on the elastoplastic theory. This model can also describe preliminary microscopic sliding
and rate-dependent frictional response. Further, basic experimental results of anisotropic frictional slid-
ing can be pertinently represented by the present model. We also employ this model with the ﬁnite ele-
ment method and analyze typical frictional contact problems. We then demonstrate the effect of
anisotropy parameters on the numerical results.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
As observed in the machining process for engineering surfaces,
solid bodies having surfaces with an algorithmic structure called
texture are used in a steadily widening range of ﬁelds because
newer designs and controls require high-performance mechanical
systems that utilize the textured surfaces. In addition, bio-inspired
textures such as scales and bristles are used for drive systems in
robotics based on biomimetic technology. Thus, it is becoming
increasingly important to clarify the characteristics of microscopic
texture on a macroscopic scale in order to develop more sophisti-
cated mechanical designs and to prevent wear and fatigue.
Although numerical simulations such as the ﬁnite element
method (FEM) are effective for analyzing the above-mentioned
textured surfaces in frictional contact, the treatment of the fric-
tional sliding behavior as a function of textural features is indis-
pensable. There are two typical approaches for the analysis of
contact problems between solid surfaces having a periodic texture.
The ﬁrst approach is the contact analysis method, in which micro-
scopic texture patterns are directly discretized by elements. How-
ever, this approach entails a large calculation cost and is therefore
not applicable to a conceptual designing phase or a systematic
examination. The second approach involves macroscopic or phe-
nomenological modeling of the interaction of surfaces with all rights reserved.microscopic texture pattern and performing the contact analysis
using homogeneous surfaces. Thus, the latter approach appears
to be more useful in the conceptual designing phase and for real
time control. However, this approach requires an acceptable fric-
tion model for describing the effect of the texture pattern rather
than the assumption of a simpliﬁed relationship from which the
experimental evidence would deviate. Needless to say, anisotro-
pies of frictional sliding are induced by the shapes and arrange-
ments of textures. In the present study, we will focus on the
latter approach.
A number of studies on friction modeling have been published
in various ﬁelds of engineering. With the aim of solving the contact
boundary value problems related to the ﬁnite-degree-of-freedom
through FEM, numerous researchers have expressed the friction
phenomenon in the form of elastoplastic analogy constitutive
equations, i.e. as the elastoplastic relationship between the traction
rate and the sliding velocity (Curnier, 1984; Kikuchi and Oden,
1988; Laursen, 2001; Peric and Owen, 1992; Wriggers, 2003);
these equations have been introduced in various commercial
FEM software packages. However, most of these friction models
adopted an isotropic frictional criterion independent of the sliding
direction. Therefore, the mechanical response of anisotropic fric-
tional sliding, which might be induced by microscopic textures
on the contact surface, cannot be described using these models.
As has been pointed out by several researchers, anisotropic fric-
tional sliding due to periodic texture is characterized by different
frictional resistance in different sliding directions. Furthermore,
the direction of the friction force vector does not coincide with that
Nomenclature
n unit normal vector in the normal direction
e1 unit normal vector in the principal direction of orthotro-
py
e2 unit normal vector in the principal direction of orthotro-
py
I identity tensor
()e, ( )p elastic, plastic components
()n, ( )t normal, tangential components
v sliding velocity (relative velocity)
f traction vector
a contact elastic modulus (sometimes referred to as the
penalty coefﬁcient)
l friction coefﬁcient
ls maximum value of l for the static friction
lk minimum value of l for the kinetic friction
R normal-sliding ratio
j material constant inﬂuencing rate of decrease in friction
coefﬁcient
n material constant inﬂuencing rate of recovery in friction
coefﬁcient
r material constant inﬂuencing of transitional rate form
stick to slip (magnitude of preliminary microscopic slid-
ing)
k proportionality factor in the sliding-ﬂow rule
C1 material constant standing for the value of friction coef-
ﬁcient in the principal direction of orthotropy
C2 material constant standing for the value of friction coef-
ﬁcient in the principal direction of orthotropy
b vector prescribing rotation of the sliding surface
Ce elastic modulus for friction (second order tensor)
Cep elastoplastic modulus for friction (second order tensor)
Cc creep modulus for friction (second order tensor)
n
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e
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Fig. 1. Orthotropic sliding surface in coordinate system ðe1; e2; nÞ.
S. Ozaki et al. / International Journal of Solids and Structures 49 (2012) 648–657 649of the sliding velocity vector. For further details on anisotropic
frictional sliding due to various inherent and artiﬁcial textures, re-
fer to the review by Zmitrowicz (2006).
Recently, various anisotropic friction models have been pro-
posed and have been applied to contact boundary value problems
by Curnier (1984), Feng et al. (2006), He and Curnier (1993), Hjiaj
et al. (2004a,b), Konyukhov and Schweizerhof (2006a,b), Konyuk-
hov et al. (2008), Mroz and Stupkiewicz (1994) and among others.
The elastoplastic analogy constitutive modeling based on the pen-
alty concept has also been applied to the formulation of anisotropic
friction models for suitable implementation of FEM. In these mod-
els, anisotropic sliding-potentials and a non-associated sliding-
ﬂow rule were adopted for the formulation.
We previously proposed the subloading-friction model within
the framework of unconventional plasticity, which describes the
smooth transition from the ‘‘sticking state’’ to the ‘‘sliding state’’;
using this model, a description of the preliminary microscopic slid-
ing behavior can be achieved (Hashiguchi et al., 2005; Ozaki et al.,
2007). Furthermore, we extended the subloading-friction model to
a rate-dependent subloading-friction model (Hashiguchi and Oza-
ki, 2008a). This model describes the reciprocal transition between
static friction and kinetic friction, and it is also very robust in terms
of the numerical analysis for friction-induced vibration, i.e. stick-
slip motion (Ozaki, 2011; Ozaki and Hashiguchi, 2010). We have
also extended the rate-dependent subloading-friction model to
the anisotropic model (Hashiguchi and Ozaki, 2008b). Concretely,
the difference in friction coefﬁcients in mutually opposite sliding
directions could be described by the rotation of the sliding-poten-
tial, while the anisotropy of soils has been described by the rota-
tion of the yield surface, i.e. rotational hardening (e.g. Hashiguchi
and Chen, 1998). The differences in the ranges of friction coefﬁ-
cients in the different sliding directions can be described by the
concept of orthotropy of the sliding-potential. However, the appli-
cability of the anisotropic subloading-friction model to real mate-
rials having microscopic periodic texture has not been sufﬁciently
discussed. In addition, it is important to examine the applicability
of the anisotropic subloading-friction model to contact boundary
value problems.
In the present study, we show the ability of the anisotropic sub-
loading-friction model for the representation of the experimental
results and for the analysis of the contact boundary value problems
of solids having periodic textured surfaces. In this study, we brieﬂy
review our previously proposed anisotropic subloading-friction
model (Hashiguchi and Ozaki, 2008b) and demonstrate the basic
response of the model. Next, we compare the shape of the slid-ing-potential and the friction force vs. the sliding displacement
curves with basic experimental results. We then implement the
present friction model to FEM using the user subroutine ‘‘usrfrc’’
of the commercial software package LS-DYNA Ver.971 (LSTC,
2011). The effect of parameters prescribing the anisotropy on
numerical results is examined using typical FE models.2. Constitutive equation for friction with orthotropic anisotropy
and rotational hardening
In this section, we describe the formulation of the anisotropic
subloading-friction model (Hashiguchi and Ozaki, 2008b) based
on the Coulomb’s condition; this model will be applied to the
numerical analysis in the subsequent section.
2.1. Elastic relation
Now, choosing the bases e1 and e2 in the maximum and the
minimum principal directions of orthotropic anisotropy, as shown
in Fig. 1, and letting e3 coincides with the unit outward-normal
vector at the contact surface, n, so as to make the right-hand coor-
dinate system ðe1; e2; nÞ. Axes e1, e2 and n are directed toward e1, e2
and n directions, respectively.
Based on the above-mentioned coordinate system, the traction
vector f applied to a unit area of the contact surface can be written
as
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The unit normal vector n at the contact surface is deﬁned by
n  fnkfnk ; ð2Þ
where || || designates the magnitude. fn and ft are the normal and
tangential components, respectively, of the traction vector f, and
lead
ft1 ¼ ðe1  fÞe1 ¼ ðe1  e1Þf ¼ ft1e1;
ft2 ¼ ðe2  fÞe2 ¼ ðe2  e2Þf ¼ ft2e2;
fn ¼ ðn  fÞn ¼ ðn nÞf ¼ fnn:
9>=
>; ð3Þ
() and  denote the scalar and the tensor products, respectively,
and I is the identity tensor.
The sliding velocity v between contact surfaces is additively
decomposed into the normal component vn and the tangential
component vt as follows:
v ¼ vn þ vt : ð4Þ
Furthermore, the tangential component vt can be rewritten in the
coordinate system ðe1; e2; nÞ as follows:
vt ¼ vt1 þ vt2 ¼ v t1e1 þ v t2e2: ð5Þ
Besides, it is assumed that v is additively decomposed into the elas-
tic-sliding velocity ve and the plastic-sliding velocity vp, i.e.
v ¼ ve þ vp ¼ ðven þ vpnÞ þ ðvet1 þ vpt1Þ þ ðvet2 þ vpt2Þ: ð6Þ
First, let the elastic part be given by
f

¼ Ceve; ð7Þ
where
Ce  an nþ aðe1  e1 þ e2  e2Þ: ð8Þ
a is the contact elastic modulus to the contact surface (sometimes
referred to as the penalty coefﬁcient in the contact boundary value
problems (cf. Curnier, 1984; Kikuchi and Oden, 1988; Laursen,
2001; Peric and Owen, 1992; Wriggers, 2003). () denotes the coro-
tational rate, which is related to the material-time derivative de-
noted by () as follows:
f

¼ f

Xf; ð9Þ
where the skew-symmetric tensor X is the spin describing the
rigid-body rotation of the contact surface.Fig. 2. Schematic diagram o2.2. Normal-sliding and subloading-sliding surfaces
As shown in Figs. 1 and 2, we now assume the following friction
condition with the orthotropic anisotropy and rotational hardening
for the sliding-potential
v^ ¼ l; ð10Þ
where l denotes the friction coefﬁcient. v^ prescribes the shape of
the sliding-potential in the tangential traction plane and is deﬁned
as
v^ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v^21 þ v^22
q
; v^1  g^1C1 ; v^2 
g^2
C2
; ð11Þ
where g^1 and g^2 are given by
g^1 ¼ g1  b1 ¼
ft1
fn
 b1; g^2 ¼ g2  b2 ¼
ft2
fn
 b2: ð12Þ
C1 and C2 are the material parameters standing for the values in the
maximum and minimum principal directions of anisotropy, respec-
tively. Further, the vector b, which describes anisotropy due to the
rotation around the null traction point without the normal compo-
nent as shown in Fig. 2, can be written as
b ¼ b1e1 þ b2e; b  n ¼ 0; ð13Þ
where it does not evolve in this study. In this model, the surface de-
scribed by Eq. (10) is called the normal-sliding surface hereafter
(Hashiguchi et al., 2005; Hashiguchi and Ozaki, 2008a,b; Ozaki
and Hashiguchi, 2010).
Next, we introduce the subloading-sliding surface, which al-
ways passes through the current traction f and keeps a similar
shape to the normal-sliding surface in the tangential traction plane
(ft1, ft2) as shown in Fig. 3. Let the ratio of the sizes of the subload-
ing-sliding surface to the normal-sliding surface in the tangential
traction plane be called the normal-sliding ratio, denoted by R
(0 6 R 6 1). Therefore, the normal-sliding ratio R plays the role of
three-dimensional measure of the degree of approach to the nor-
mal-sliding state (R = 1). Thus, the subloading-sliding surface is de-
scribed by
v^ ¼ Rl: ð14Þ
Eq. (14) can be rewritten by Eq. (11) as follows:ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g^1
C1
 2
þ g^2
C2
 2s
¼ Rl: ð15Þf rotational hardening.
Fig. 3. Normal-sliding and subloading-sliding surfaces.
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In this model, the rate of variation in the friction coefﬁcient is
assumed to be a function of the plastic-sliding velocity and the fric-
tion coefﬁcient itself (Hashiguchi and Ozaki, 2008a; Ozaki, 2011;
Ozaki and Hashiguchi, 2010). Based on this concept, we adopt a
simple function for the evolution rule of the friction coefﬁcient
as follows:
_l ¼ j l
lk
 1
 
kvpk þ n 1 l
ls
 
; ð16Þ
where ls and lk are the maximum and minimum values of l for the
static friction and kinetic friction, respectively. j and n are material
parameters inﬂuencing rates of decrease and recovery of the friction
coefﬁcient. The ﬁrst and second terms of Eq. (16) cause the compe-
tition between the deterioration and the formation of adhesions
pointed out by numerous researchers.
It has been observed in experiments that when the tangential
traction increases under a constant normal traction, the tangential
traction increases almost elastically when the tangential traction is
zero and thereafter gradually increases to approach the normal-
sliding surface, i.e. some preliminary microscopic sliding displace-
ments prior to the macroscopic sliding displacements at lower
traction levels, but does not increase further after reaching the nor-
mal-sliding surface (e.g. Courtney-Pratt and Eisner, 1957; Hagman
and Olofsson, 1998; Oden and Pires, 1983). Needless to say, the
microscopic sliding plays an important role for systems requiring
the accurate positioning and for numerical stabilities. We then as-
sume the following simplest function for the evolution rule of the
normal-sliding ratio
_R ¼ rðlnRÞkvpk for vp – 0; ð17Þ
where r is the material parameter. Eq. (17) leads to the noticeable
advantages in the numerical analyses, i.e. the contact traction is
automatically attracted to the normal-sliding surface in the fric-
tional loading process, i.e. if R > 1 then _R < 0 (cf. Hashiguchi et al.,
2005; Hashiguchi and Ozaki, 2008a; Ozaki and Hashiguchi, 2010).
2.4. Relationship between contact traction rate and sliding velocity
The material-time derivative of Eq. (14) leads to
N  f

¼ _Rlþ R _l; ð18Þ
whereN ¼ @v^
@f
¼ @v^
@ft1
e1 þ @v^
@ft2
e2 þ @v^
@fn
n
¼ 1
fn
f^1
C1
e1 þ f^2C2
e2  ðf^1v^1 þ f^2v^2Þn
( )
; ð19Þ
f^1  v^1v^ ; f^2 
v^2
v^
: ð20Þ
The substitution of Eqs. (6), (7), (16), and (17) into Eq. (18) gives rise
to the consistency condition for the subloading-sliding surface:
N  Ceðv  vpÞ ¼ rðlnRÞkvpkl
þ R j l
lk
 1
 
kvpk þ n 1 l
ls
  
: ð21Þ
We assume the following sliding-ﬂow rule for the plastic-slid-
ing velocity:
vp ¼ ktn; ð22Þ
where kð> 0Þ is a positive proportionality factor. The unit vector tn
prescribes the direction of the plastic-sliding velocity as shown in
Fig. 2, and is given by
tn ¼ ðI n nÞ NkðI n nÞ Nk ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f^1
C1
 2
þ f^2C2
 2r f^1C1 e1 þ
f^2
C2
e2
 !
: ð23Þ
The proportionality factor k expressed in terms of the sliding veloc-
ity is obtained from Eqs. (21) and (22) as follows:
k ¼ N  C
e  v  Rnð1 l=lsÞ
N  Ce  tn  rðlnRÞl Rjðl=lk  1Þ
ð24Þ
Consequently, the contact traction rate is obtained from Eqs.
(6), (7), (22), and (24) as follows:
f

¼ Ceðv  vpÞ ¼ Ceðv  ktnÞ ¼ Cepv þ Cctn; ð25Þ
where
Cep ¼ Ce I
tn  N  Ce
	 

N  Ce  tn  rðlnRÞl Rjðl=lk  1Þ
 !
; ð26Þ
Cc ¼ C
eRnð1 l=lsÞ
N  Ce  tn  rðlnRÞl Rjðl=lk  1Þ
: ð27Þ
0.5
μ =0 4
0.4
s .
μk =0.2
C1 =1.0
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rate-independent one by setting ls = lk or j = n = 0. Furthermore,
the friction model coincides with the conventional one by setting
r?1.
2.5. Loading criterion
The loading criterion for the constitutive equation formulated in
the foregoing is given in this section. In this model, the distinction
between loading and unloading processes can be judged only by
the sign of k of Eq. (24) because the traction vector always lies
on the subloading-sliding surface during the loading process.
Therefore, the loading criterion is given as follows:
vp – 0 : k > 0;
vp ¼ 0 : otherwise:

ð28ÞC =1 0
0.3
2 .
f t /
f n
0.2
f
0 [d ]eg.
0.1
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1 2(a) 1 0C C= =
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.
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0.3
f n
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f n
0.22.6. Basic mechanical behaviors of the friction model
In this section, we demonstrate the basic response of the pres-
ent anisotropic friction model through numerical experiments for
the linear sliding phenomenon without a rigid-body rotation under
a constant normal traction.
By adopting the three-dimensional coordinate system (e1; e2;n),
we have
e1 ¼
1
0
0
8><
>:
9>=
>;; e2 ¼
0
1
0
8><
>:
9>=
>;; n ¼
0
0
1
8><
>:
9>=
>;: ð29Þ
The nine material parameters of ls, lk, j, n, C1, C2, b, r, and a and
the initial value l0 of the friction coefﬁcient are included in this
model. For the numerical experiments, the basic material parame-
ters except the anisotropic ones were selected as Table 1, and the
normal traction was set as fn = 10 MPa. The parameters prescribing
the rate-dependency were referred to from the study by Ozaki and
Hashiguchi (2010). In other words, we appropriately decided the
values for ls and lk. Then, we determined the value of n under
the assumption that the recovery of static friction saturates after
several tens of seconds. We then decided j from the stick-slip
amplitude (slip distance) results and r from the creep distance re-
sults of the study by Baumberger et al. (1994).
Fig. 4 shows the variations in the traction ratio ||ft||/fn with the
tangential sliding displacement kutk. Here, we set three combina-
tions of the parameters for orthotropy C1 and C2 and set the rota-
tional hardening parameter as b = 0. Then, the constant sliding
velocity kvtk ¼ 1:0 mm=s was given in directions 0 45, and 90
from the direction of e1. As shown in Fig. 4, the frictional property
varied with the sliding direction because of orthotropic anisotropy.
In addition, smooth transitions from static friction to kinetic fric-
tion are observed.
Next, we demonstrate the effect of rotational hardening. Fig. 5
shows the inﬂuence of the parameter b = {b1 b2 0} on the variation
of the traction ratio ||ft||/fn with the tangential sliding displacement
kutk. In this calculation, we set the orthotropic anisotropic param-
eters as C1 = 1.0 and C2 = 0.8, and set the rotational hardening
parameters b1 as 0.0, 0.05, and 0.1 and b2 = 0.0. Then, the constantTable 1
Material parameters for basic mechanical response of anisotropic subloading-friction
model.
l0 = ls 0.4 lk 0.2
a 1000 N/mm3 r 1000 mm1
j 10 mm1 n 0.1 s1sliding velocity kvt1k ¼ 1:0 mm=s was given into mutually oppo-
site directions. It is conﬁrmed that the frictional properties for
mutually opposite directions of sliding are different from each
other. The description of the differences in friction coefﬁcients in
opposite directions is important in biomimetic textures and in
drive systems of off-the-road vehicles and robots.
The above-mentioned numerical results demonstrate that the
fundamental properties of anisotropic frictional sliding, including
the preliminary microscopic sliding and rate-dependency, can be0 [deg.]0.1
45 [deg ]
1 2(c) 1.0 and 0.6C C= =
0 0
.
90 [deg.]
0.0 0.4 0.8
.
[ ]
0.6 0.12.0
ut mm
Fig. 4. Variations of the traction ratio ||ft||/fn with the tangential sliding displace-
ment kutk for various sliding directions.
0 4 μ =0 4. s .
μk =0.2
0 2
C1 =1.0
C 0 8. 2 = .
0.01 /
f n
f t
–0.2 β 0 01 = .
β1 =0.05
–0.4
β1 =0.1
0 8 0 0 0 80 40 4– . . .
ut1 [mm]
.– .
Fig. 5. Inﬂuence of the parameter b on the variation in the traction ratio ||ft||/fn
under C1 = 1.0 and C2 = 0.8, where forced sliding velocity is v t1 ¼ 0:1 mm=s.
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anisotropic subloading-friction model.
3. Comparison with experimental results
In this section, we attempt to verify the usefulness of the pres-
ent anisotropic friction model through comparison with experi-
mental results.
3.1. Experimental setup
Fig. 6 shows a schematic representation of the experimental
setup. The setup was supported by a thick massive stainless steel
plate. We selected the same system used by Heslot et al. (1994) be-
cause a number of tests on various materials can be easily per-
formed on this system. We also attributed the high stability to
the weakness of wear effects. The bottom (ﬁxed) and top (moving)
stainless steel bodies are called the base and the slider, respec-
tively. The mass of the slider was M = 0.25 kg. The two surfaces
in contact were made by test pieces. Concretely, a thin ﬂat black
natural rubber plate (thickness 3 mm) was glued to the base, and
a test piece made of textured MC nylon was glued to the slider,
while the gluing direction of texture is rotated as 15 interval in
the series of experiments. In this study, we chose two texture pat-
terns (Fig. 7).
The slider was driven by a high stiffness X-stage actuator (Chuo
Precision Industrial Co. Ltd., ALS-903-H1S) at constant velocity
V = 0.5 mm/s. The driving system was coupled to the slider using
a jig and a cantilever spring, the stiffness K = 4.1 N/mm of which
was always much weaker than that of the rest of the driving sys-
tem. Hence, K can be regarded as the effective stiffness of the driv-Fig. 6. Experimeing system. Thus, the friction force was estimated from the
deﬂection of the cantilever spring, which was measured using an
eddy-current type displacement sensor (Keyence Co., EX614). The
semi-cylindrical contact between the edge of bent cantilever
spring and the center of slider was selected as the contact form.
Here, we note that the lateral frictional resistance was reduced
using a lubricant between the slider and the semi-cylinder contact.
Thus, we could achieve one-dimensional friction force control and
could employ the spring force for estimating the friction coefﬁcient
in the prescribed sliding direction.
Fig. 8 shows a schematic diagram of the typical relationship be-
tween the friction force and the sliding displacement. We evalu-
ated the ﬁrst peak of force and the average stationary friction
force, and we deﬁned their corresponding friction coefﬁcients as
l1 and l2, respectively. From these data, we described the sliding
surface in tangential traction space.3.2. Results of sliding surface and variation of friction force
Figs. 9 and 10 show the friction coefﬁcients l1 and l2 in various
sliding directions, as obtained by our experiments; the textures of
the test pieces in Figs. 9 and 10 correspond to Type I and Type II,
respectively. The ordinate and abscissa coincide with the parallel
and perpendicular directions of texture, i.e. directions e1 and e2,
respectively. Thus, these plot data, which were averaged over ten
tests, can be regarded as depicting the shape of the sliding surface
in the tangential traction space. As conﬁrmed from these ﬁgures,
the sliding surface become elliptical in the tangential traction
plane in the case of orthotropic textured surfaces. Furthermore,
the sliding surface in Fig. 10 of Type II represents a deviation of
the center from the point of origin. The deviation of the center of
a sliding surface in the tangential plane can be rationally described
by the rotation of the surface instead of parallel translation (i.e.
kinematic hardening) since the sliding surface usually has to con-
tain the origin. The results of identiﬁcation by Eq. (10) are also
shown in Figs. 9 and 10 by solid and dashed lines. Here, the solid
lines correspond to the values of ls and lk, and the dashed lines
correspond to those of l1 and l2. It is understood that the present
sliding surface with the orthotropic anisotropy and rotational
hardening can pertinently describe the friction coefﬁcient depend-
ing on the sliding direction.
Figs. 11 and 12 show the variations in the traction ratio ft/fn
with the tangential sliding displacement ut . The ﬁgures also show
the response of the anisotropic friction model of Eq. (25), where
the material parameters with respect to the sliding surface are
the same as those identiﬁed in Figs. 9 and 10, respectively. The
experimental results for various sliding directions are simulated
well enough by the present anisotropic model. Note that the
numerical prediction given by Eq. (25) ignores the effect of the can-ntal setup.
Sliding displacement
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Kinetic friction
Fig. 8. Schematic diagram of typical relationship between friction force and sliding
displacement.
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Fig. 9. The friction coefﬁcients l1 and l2 in various sliding directions for the Type I
texture. The material parameters of Eq. (10) are as follows: C1 = 1.0, C2 = 0.86, b = {0
0 0}, ls = 0.85, lk = 0.55, l1 = 0.82, l2 = 0.6.
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Fig. 10. The friction coefﬁcients l1 and l2 in various sliding directions for the Type
II texture. The material parameters of Eq. (10) are as follows: C1 = 1.0, C2 = 0.98,
b = {0.1 0 0}, ls = 0.8, lk = 0.64, l1 = 0.75, l2 = 0.67.
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Fig. 11. Comparison of the traction ratio ft/fn vs. the sliding displacement curves by
Eq. (25) with experiment as shown in Fig. 9, where material parameters are selected
as follows: j = 10 mm1, n = 2 s1, r = 10,000 mm1, and a = 10,000 N/mm3.
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Fig. 12. Comparison of the traction ratio ft/fn vs. the sliding displacement curves by
Eq. (25) with test results as shown in Fig. 10, where material parameters are
selected as follows: j = 10 mm1, n = 2 s1, r = 10,000 mm1, and a = 10,000 N/
mm3.
Fig. 7. Texture patterns: (a) Type I and (b) Type II, where test pieces are made by
MC Nylon (hardness 120 HS). All specimens have a diameter of 35 mm and a
thickness of 5 mm.
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of the curves differs from that in the experiments.
4. Finite element analysis
As described in previous sections, the present model was qual-
itatively examined and its adequacy was veriﬁed by the numerical
experiments of the linear sliding phenomenon. Furthermore, thequantitative predictability of the present model was veriﬁed by
comparing it with the basic experimental results. In this section,
we will describe the FE analysis using the anisotropic subload-
ing-friction model (Hashiguchi and Ozaki, 2008b). It should be
noted that rate-dependent behavior is ignored in the FE analysis,
i.e. ls = lk = l and j = n = 0, because we focus on the anisotropic
frictional behavior, including the differences in friction resistance
for different sliding directions.
S. Ozaki et al. / International Journal of Solids and Structures 49 (2012) 648–657 6554.1. FE model and its boundary condition
In this study, the anisotropic subloading-friction model was
implemented in the commercial FEM software package LS-DYNA
Ver.971 (LSTC, 2011). The penalty method was adopted for the
treatment of the frictional contact, which is useful and allows con-
strained conditions to be easily incorporated. We then employed
the user subroutine ‘‘usrfrc’’ to introduce Eqs. (25) and (28) into
FEM. Two typical contact problems were analyzed under the coor-
dinate system ðx; y; zÞ ¼ ðe1; e2;nÞ, where (x, y, z) refers to the global
coordinate system. In the calculation, the dynamic implicit scheme
based on the time discretization of Newmark’s b method wasFig. 13. FE models and its boundary conditions.
Table 2
Material parameters for FE analyses.
l0 = ls 0.3 lk 0.3
a Default r 10,000 mm1
j 0 mm1 n 0 s1
β = 0 05 β = 0 1
0.4
1 – .
Isotropic model
1 – .
β1 =–0.15
0.2
0.0f t /
f n
f
Sliding displacement
–0.2
–0.4
–0.1 0.0 0.1 0.2–0.2
ut [mm]
Fig. 14. Variations of the traction ratio ft/fn with the tangential sliding displacement
ut under forward and reverse sliding.adopted, and the updated Lagrangian method was used to formu-
late the geometric nonlinear behavior, including the large sliding
phenomena.
The ﬁrst FE model consisted of two rectangular bodies as shown
in Fig. 13(a). The model was discretized by 49 eight-node solid ele-
ments. The lower solid was a rigid body and was ﬁxed in all direc-
tions. The upper elastic body was 1 	 1 	 0.1 mm in size and had
elastic characteristics with the Young’s modulus of E = 210 GPa
and Poisson’s ratio of m = 0.28. Two types of prescribed forced
velocities were imposed at the side surface of the upper elastic
body under a constant normal load. For the analysis, the parame-
ters of the friction model, except the anisotropic ones are listed
in Table 2. Besides, the default value of LS-DYNA was adopted as
the penalty coefﬁcient a. The normal contact load was set to 1N.
Next, we analyzed the cylindrical contact problem (e.g. Feng
et al., 2006; Hjiaj et al., 2004a,b) using the present anisotropic fric-
tion model. The FE model consisted of an elastic cylinder and a ri-
gid plate, as shown in Fig. 13(b). The elastic cylinder and rigid plate
were discretized by 1332 and 324 eight-node solid elements,
respectively. The diameter and height of the elastic cylinder were
D = 100 mm and h = 50 mm. A forced velocity of 0.05 mm/s was ap-
plied to the upper surface of the elastic cylindrical body until it
reached 0.5% compression, while the lower rigid body was ﬁxed
in all directions. Under the above-mentioned conditions, the distri-
bution of sliding displacement was analyzed. For the calculation,[ ]
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ut1 mm
. . . . .
0 05Trajectory of sliding
0.3
.
Trajectory of traction
0.04
0.2 0.03
2
/f n
u
t2
f t2
 [m
m
0 1
0.02
m]
C1=1.0; C2=0.8
.
0 01
C1=1.0; C2=0.9
.
Isotropic model
(a) Effect of orthotropic anisotropy
0 00 0.1 0.2 0.3
f 1 /ft n
ut1 [mm]
0 0.01 0.02 0.03 0.04 0.05
0 3
0.05Trajectory of sliding
Trajectory of traction.
C1=1.0; C2=1.0 0.04β1=0.05; β2=0.0
0.2 0 03f n
u
tIsotropic model .
f t2 
/f t2 [m
0.02
m
m]
C 1 0; C 0 8
0.1 1
= . 2= .β1=0.1; β2=0.0
0.01C1=1.0; C2=1.0β1=0.1; β2=0.0
(b) Effect of rotational hardening
0 0.1 0.2 0.30 0
ft1 /fn
Fig. 15. Trajectories of friction force and sliding displacement.
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Fig. 16. Radial spread of bottom of cylinder at 0.5% compression.
656 S. Ozaki et al. / International Journal of Solids and Structures 49 (2012) 648–657the parameters of the friction model, with the exception of the
anisotropic ones, are listed in Table 2. The Young’s modulus and
Poisson’s ratio of the elastic cylinder were E = 100 MPa and
m = 0.49, respectively.4.2. Results and discussion
Fig. 14 shows the variation in the friction force with the forward
and reverse sliding, where the sliding block model was used. The
parameters for anisotropic friction were set as b1 = 0.05, 0.1, and
0.15, while C1 = 1.0, C2 = 0.8, and b2 = 0. The ﬁgure also includes
the results of isotropic model, i.e. C1 = C2 = 1.0 and b = 0. In the
analysis, a forced velocity of 0.25 mm/s was applied in the x direc-
tion and then reversed in the opposite direction. It is conﬁrmed
that the relationship between the friction force and sliding dis-
placement, as shown in Figs. 4 and 5, can be represented within
the framework of FEM. In addition, the anisotropic friction phe-
nomena, including a forward and reverse cyclic sliding, can be
rationally analyzed by using the loading criterion of Eq. (28).
Figs. 15(a) and (b) shows the trajectories of the friction force
and sliding displacement. In the analysis, the forced velocity was
given in the diagonal direction, i.e. v ¼ f0:25 0:25 0:0gmm/s, then
the trajectory of displacement of upper body and the friction force
vector was examined. It is clear from ﬁgure that the trajectory of
the friction force gradually deviates from one of sliding displace-
ment, since the sliding-ﬂow rule of Eq. (22) with the orthotropic
sliding surface and the rotational hardening is adopted for the for-
mulation. Needless to say, in the case of the isotropic friction mod-el, the trajectories coincide with each other. The above-mentioned
phenomena seem to be more sensitive in real materials under
complex loading. Therefore, a further study for the associated/
non-associated sliding-ﬂow rule is required by performing the spe-
cial analyses and experiments such as those done by Mroz and Stu-
pkiewicz (1994), Konyukhov et al. (2008), and others.
Fig. 16 shows the radial spread of the bottom of the cylinder on
the contact surface at 0.5% compression for the contact problem
shown in Fig. 13(b). Here, the radial spread of the bottom of the
cylinder was measured at three levels of diameters, i.e. the inner,
middle, and outer nodes. In order to examine the inﬂuence of
anisotropy on the distribution characteristics, we set several com-
bination of parameters C1, C2, and b. The ﬁgures also include the re-
sults of the isotropic model for the comparison. When an elastic
cylinder is subjected to axial compression, the bulk expands in
the radial direction due to the Poisson’s effect, but the expansion
at the contact surface is affected by the frictional resistance. There-
fore, it is thought that the shape of the bottom is distorted by
anisotropic friction. As can be conﬁrmed from Fig. 16, the shape
of the bottom was distorted according to the properties of anisot-
ropy, while the shape remained circular in the case of isotropic
friction. The sliding displacement into the shorter axis of the ellip-
tic sliding surface (in Fig. 16, the ordinate axis coincides with the
direction of the shorter axis e2) is large since the frictional resis-
tance is smaller than that of one of the longer axes under the same
level of contact pressure. Furthermore, the present FE analysis
based on the anisotropic subloading-friction model can represent
that the sliding displacement increases in the opposite direction
of the vector b prescribing the rotational hardening.5. Concluding remarks
The present study demonstrates the capabilities of the aniso-
tropic subloading-friction model (Hashiguchi and Ozaki, 2008b)
with the Coulomb’s condition. First, the qualitative property of
the present model was examined and its adequacy was veriﬁed
by numerical experiments on the linear sliding phenomenon. The
ﬂexibility of the friction model is shown not only for fundamental
anisotropic behavior but also for rate-dependency. Furthermore,
the quantitative predictability of the present model was veriﬁed
by comparing it with the basic experimental results in the range
of the examined conditions. Moreover, as the ﬁrst stage in the anal-
ysis of the general contact boundary value problems, the aniso-
tropic friction model was implemented to FEM by using the user
subroutine of the commercial software package. Then, the typical
FE analysis was carried out and the effect of parameters prescrib-
ing the anisotropy on the numerical results was examined. From
the results of the analysis, we report that the anisotropic subload-
ing-friction model is applicable to the contact boundary value
problems. However, in order to apply this approach to the analysis
of off-the-road vehicles and biomimetics robots, the sliding surface
for materials having various periodic textures and the prescribing
of sliding-ﬂow rule should be investigated in the future.
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